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Contact measurements  of varying mass  velocity and electr ical  conductivity in MHD 
channels are  considered.  The conditions under which the mass -ve loc i ty  profile may be 
measured  a re  found, and the measur ing  e r r o r  is est imated.  It is shown that MHD 
measurements  of e lect r ical  conductivity may be made even when the mass -ve loc i ty  
profile is not known in advance.  

1. During the motion of a conducting medium in an external magnetic field an e lectr ic  field depending 
on the velocity of the motion is created.  If this velocity is constant, it may be determined by measur ing 
the potential difference between two electrodes  placed in the flow. When a res is tance is connected between 
the e lec t rodes ,  the cur ren t  ar is ing from this potential difference depends on the res is tance  of the medium 
between the e lectrodes  and hence on the electr ical  conductivity of the medium; by measur ing  the current  we 
may find the e lectr ical  conductivity. 

A theory presented in two ea r l i e r  expositions [1, 2] related to measurements  of velocity in MHD 
channels,  in which allowance was made for the nonuniformity of the magnetic field and the changes taking 
place in the velocity and electr ical  conductivity on passing ac ros s  the channel. Considerable changes may 
often take place in these quantities on passing along the channel as well. Fo r  example, when a detonation 
wave passes  along such a channel, measurements  of the eleetrical-condux~tivity and mass -ve loc i typ ro f i l e s  
might provide useful information regarding the chemical reactions in the explosive. Changes taking place 
in the velocity along the direction of motion have been recorded in experiments with shock tubes [3] and 
high-speed gas flows [4]. However, the possibil i ty that changes in velocity might influence the results  of 
the measurements  has never  been considered in existing experimental  investigations.  

A solution was given in [2] to the problem of the e lectr ic  field in a channel of constant e lectr ical  con- 
ductivity, due to allowance being made for  the changes taking place in the velocity on passing along the 
channel. It would be a very  complicated mat te r  to solve the coresponding problem if the e lectr ical  con- 
ductivity also depended in an a rb i t r a ry  manner  on the longitudinal coordinate.  

In o rder  to determine the possibil i ty of measur ing  the electr ical-conduct ivi ty  and velocity profiles 
magnetohydrodynamical ly  it is unnecessary  to obtain an exact solution of this problem. In this paper  we 
shall find the neces sa ry  conditions for  making such measurements  and shall est imate the e r r o r s  associa ted 
with changes in velocity along the channel. 

2. We shall consider  that the measurements  are  ca r r i ed  out in an MHD channel of rec tangular  c ross  
section as indicated in Fig.  1, although all the resul ts  will be applicable to channels of a rb i t r a ry  c ross  
section.  The conducting medium moves along the channel, its velocity at a par t icu lar  instant of t ime being 
v = (v(x), 0,0). The uniform external magnetic field H is directed along the z axis (perpendicular to the 
plane of the figure).  The electr ical  conductivity of the medium is ~ = or(x). The electrode 1 is grounded; 
electrode 2 is connected to it through a res is tance  Ro The walls of the channel are  insulators .  The quantity 
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Fig. 1 

to be measured  is the voltage V between the e lec t rodes .  It is required 
to determine the dependence of the voltage on the velocity and e lec t r i ca l -  
conductivity distribution in the flow. 

Subsequently we shall make the following assumptions:  

1) The e lect r ical  conductivity of the medium ~ >> ~-~, where T is 
the charac te r i s t i c  t ime of the changes taking place in the profi les v(x) 
and a(x), i.e.,  the t ime required for  these quantities to change in a 
cer tain c ross  section of the channel (steady-state problem); 

2) the effect of the magnetic field on the motion of the medium may 
be neglected, and so may the induced magnetic field, so that the velocity 
of the medium and the magnetic field may be regarded  as prespecif ied;  

3) Ohm's law for  the medium may be writ ten in the form 

j = v (E -t- (l/c) [v, II]) 

Conditions 1-3 a re  sat isf ied for a wide class  of phenomena. 

It was shown in [2] that on sat isfying conditions 1-3 the electr ic  field E in the medium was of the 
potential type, E = -  V~0, while the potential ~o satisfied the equation 

A~o + T T 

In the presen t  geomet ry  this equation assumes  the form 

t d ~  O~p = 0 
Acp -~ ~ dx Ox 

(2.1) 

The boundary conditions for  r on the insulating walls a re  

(v~)~ = (l/c) (Iv, Itl),~ 

The potential of electrode 1 ~(1) = 0, that of e lect rode 2 ~(2) = V. We also assume that in channel 
c ross  sections A and B the x component of the current  density equals zero,  i.e., 0~O/0x = 0 (for example, 
at  the boundaries of a conducting gas lock in a shock tube) ; these c ross  sections may occur  at x -- _+ ~.  

Af ter  solving (2.1) subject  to the boundary conditions indicated, we may determine the potential V 
of electrode 2 from Ohmls law for  the external c ircui t  

S z) 

where 8(2) is the surface of electrode 2. 

Le t  us denote the charac te r i s t i c  value of the velocity in the flow by v0 and seek e i n  the form 

(2.2) 

H~tv ( Hlvo \ ~_ Hlvo (2.3) 
9 = - 7 - +  V -  c ) *~ --7-~1 

Here l is the distance between electrodes  1 and 2 (Fig. 1) and 90 and Ct a re  the solutions of the follow- 

ing boundary problems:  
i d~ 05o = 0 ,  % ( 2 ) = 1  (2.4) 

A % ~ z  dx 0z 

i dz  04,  y (d2v  t da d r )  
AlPl-~ a dx Ox lvo \ dx 2 ~ -G dx dx (2.5) 
% (2) = i v o4, .v d, _ _  ~ o n  A ,  B 

vo ' Ox lvo dx  

(Here and subsequently, if the boundary condition is not writ ten out, it should be regarded  as zero.) 

It is easy  to see that, if 90 and 9i are  solutions of the problems (2.4) and (2.5), then the potential q) 
determined from (2.3) will satisfy (2.1) and the boundary conditions. 

From Eq. (2) defining V we obtain 

( V _  H~vo ) I Oo@ds Hlvo V 
s (~) s (e) 
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o r  

f r o m  the boundary  p r o b l e m  (2.4): 
uni ty .  F r o m  (2.6) we obtain 

__(V H~o} 1 :HZv0 ~V 
R a c c~= 

/ % = (  ) -g~-y, , 
S S(2) 

The quant i ty  R~ is the r e s i s t a n c e  of the conduct ing  med ium between e l ec t rodes  1 and 2. This fotlows 
R~ -1 is the c u r r e n t  to the e l ec t rode  2 when the vol tage  on the l a t t e r  is 

V = Hlvo R 
c R +/~a (i - -  (zRa) (2.7) 

F o r  a cons tan t  ve loc i ty  of the m e d i um,  v(x) = v0, the r ighthand s ides  of  the equat ion and boundary  
condi t ions  (2.5) vanish ,  so that  ~l = 0 and ~ = 0. Equat ion (2.7) than t r a n s f o r m s  into V = H / v 0 c - l R / ( R  + Ro~ . 

In Eq. (2.7) V and Rcr a r e  d e t e r m i n e d  expe r imen ta l ly ;  we cannot  de t e rmine  ~ s ince  ~ depends on the 
p ro f i l e s  v(x) and a(x), which a r e  not known in advance .  

3. A c c o r d i n g  to Eq.  (2.7) the m e a s u r e d  vol tage V depends on the c h a r a c t e r i s t i c  r a t e  of flow v0. This 
m a y  s e e m  s t r ange  a t  f i r s t  s igh t  s ince  the choice  of v0 is a r b i t r a r y .  A f t e r  cons ide r ing  the boundary  p rob l ems  
(2.4) and (2.5) we e a s i l y  see  that  the p roduc t  v 0 ( 1 -  aRcr) does not depend on the choice  of v0. At a spec i f ied  
ins tant  of t ime  the c h a r a c t e r i s t i c  ve loc i ty  of the flow m a y  thus be r e g a r d e d  as the ve loc i ty  fo r  x = 0, i .e . ,  
tha t  in the middle  of the e l e c t r o d e s .  A f t e r  m e a s u r i n g  V we may  use (2.7) to find the ve loc i ty  v0 in a spec i f i ed  
(x = 0) c r o s s  sec t ion  of the channel  at  a spec i f ied  ins tant  of t ime ,  subjec t  to the condit ion ~R(r << 1. The  
e r r o r  in de t e rmi n i ng  the  ve loc i ty  due to its va r i a t ions  a long the channel  is 5v /v  = c~Ro.. 

The e r r o r  will be sma l l  f o r  a f a i r ly  slow change in ve loc i ty  a long the channel .  We shal l  s h o r t l y  show 
that  m e a s u r e m e n t s  m a y  val id ly  be made  if the ve loc i ty  va r i e s  l i t t le  over  d i s tances  of the o r d e r  of the width 
of the channel  l and the width of the e l ec t rode  a (Fig. 1), i .e . ,  the condit ions l <<A, a << A 'where  A i s  the 
c h a r a c t e r i s t i c  d imens ion  of the change in ve loc i ty .  

The  quant i ty  ~ is d e t e r m i n e d  by the r ighthand s ide of the equat ion and by the boundary  condi t ions  of 
the boundary  p r o b l e m  (2.5) f o r  the potent ia l  r Le t  us e x p r e s s  r in the f o r m  r = r + r w h e r e  eli is 
the solut ion to the p r o b l e m  

I d~ 0r _-- 0 ,  ~ n  (2) = I v ( 3 . 1 )  
h ~)11[-~-~ d2: OX VO 

and r is the solut ion to the p rob l e m  

Then  

A~I~ + at da 3~1~ IvoY I d~v l dxda d r )  
(3.2) 

051~, __ y dv] 
Oy tv~ -~x on A, B 

8(2) s(2) 

We e s t i m a t e  the p roduc t s  ~ l R o - a n d  (~2R~ individual ly .  Since 
v x dv a 

411 ( 2 ) = 1  vo vo dx ~ A 

while  r = 1, we find that  ~ IR  a is of the o r d e r  of a / A .  Le t  us e s t ima te  ~2Rcr. We shall  a s s u m e  that  the  
ve loc i ty  v(x) changes  l i t t le  o v e r  a d i s tance  of the o r d e r  of l ,  i .e . ,  l <<A, and that  the c h a r a c t e r i s t i c  d i m e n -  
s ion  fo r  the change in e l ec t r i c a l  conduct iv i ty  is equal to (or  exceeds)  A in o r d e r  of magni tude .  The r i gh t -  
hand s ide of (3.2) is then of the o r d e r  of A-2. At d i s tances  of the o r d e r  of l f rom the e l ec t rodes  Ar ~ 
r s ince  l is the c h a r a c t e r i s t i c  d imens ion  along y, and hence  • 12 ~ 12/z~, while 3r ~ l/A2. The 
de r iva t ive  3~0/3y ~ 1 / l .  

Le t  us c o n s i d e r  the reg ion  of f l o w G ( l > - y > -  l / 2 ,  Iz l - < b / 2 ,  B >- x > - A ) , w h e r e  b is the width of the 
channel  in the d i rec t ion  z, b -  l .  If we mul t ip ly  Eq. (3.2) by ~ a n d  in tegra te  o v e r  the vo lume of the reg ion  
G, us ing  the Gauss  t h e o r e m  and the boundary  condit ions on p lanes  A and B and the insula t ing wal l s ,  we 
obtain 
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6 - ~  as 
s (z) D 

w h e r e  the  f i r s t  in tegra l  is t aken  o v e r  the s u r f a c e  of the e l ec t rode  2 and the second  o v e r  the boundary  
D(y  = l / 2 )  of the r eg ion  G. In the  s a m e  way we m a y  obtain 

sfe ~ ~a-~-ds = ! ar176 ds -~ -  (3~ 
) 

Hence 

The  t r a n s i t i o n  to in t eg ra t ion  o v e r  the med ian  plane of flow D is convenient  b e c a u s e  on this 8~12/0y and 
ar  have no s i n g u l a r i t i e s .  

The  de r iva t i ve s  ar and  a.r behave d i f fe ren t ly  when [x[ >> / :  0r ay is of the o r d e r  of l ~  z~ 
in the r eg ion  in which  v- ld / r /dx  ~ A -  , i .e . ,  when x ~ A, while 0r fa l ls  as  x -~ when Ix l > > / ,  so  that  the 
ma in  cont r ibu t ion  to the  in t eg ra l  in the de nomina to r  of (3.3) c o m e s  f r o m  that  pa r t  of the reg ion  D in which 
I x ] a-< l (we a s s u m e  that  l ~ l ). 

T h e s e  c o n s i d e r a t i o n s  enable  us to e s t ima te  the e r r o r  

01P 12 bA(:oo~bl)-ZlAIl_~_ll-l_l__ 
\ z ~j A 

F o r  the total e r r o r  c o m m i t t e d  in MHD m e a s u r e m e n t s  of a ve loc i ty  va ry ing  a long the d i rec t ion  of flow 
we obtain 

6 v / v - - ( a 1  + a 2 )  R,  = O ( a / A )  + O ( l / A )  (3.4) 

It fol lows f r o m  this  tha t  i t  is a p p r o p r i a t e  to use  thin e l ec t rodes  (a << l ) .  Subject  to this  condit ion 

~v / ~- = 0 (l / A) (3.5) 

M a g n e t o h y d r o d y n a m i c a l  m e a s u r e m e n t s  of m a s s  ve loc i ty  should  t h e r e f o r e  be  made  subjec t  to the con-  
di t ion a << l << ~, then the o r d e r  of magni tude  of the e r r o r  will  be given by Eq. (3.5). If l << A and a ~ l ,  
the e r r o r  will  be d e t e r m i n e d  by Eq. (3.4). F o r  example ,  in [4] the s i tua t ion  was  a / A  ~ 10 -2, l ~  A ~ 10 -1, 
and the e r r o r  ~ I0%. 

When l >> Awe  m a y  use  a s i m i l a r  a r g u m e n t  to obtain the r e l a t ion  5v /v  = O(1) ins tead  of (3.4). Thins 
f o r  m e a s u r i n g  the  m a s s - v e l o c i t y  p rof i l e  in, f o r  example ,  a detonat ion wave  the MHD method  is unsui table ,  
s ince  the detonat ion wave m a y  only p r o p a g a t e  th rough  the  charge  when l >> A. 

4. F r o m  Eq. (2.7) we m a y  de t e rmine  the c u r r e n t  I fo l lowing th rough  the  conduct ing  m e d i u m  

V Hlvo i--aRc, (4.1) 
l=--if----- c R-t-R z 

Le t  us c o n s i d e r  the quant i ty  

U----- Hlvo __ V . ~  Hlvo Rz(l-l-aR) 
c c ..... R -1- Bo (4.2) 

F o r  v(x) = v0, U equals  thefaLl in  vol tage  in the r e s i s t a n c e  of the conduct ing medium R or. E l imina t ing  
the  p a r a m e t e r s  R f r o m  (4.1) and (4.2), we obtain a r e l a t ionsh ip  fo r  U(I) 

U = RaI  + Hlvoc-laR~ (4.3) 

i .e . ,  a s t r a i g h t  l ine,  which,  f o r  ~ =~ 0 (var iable  ve loc i ty) ,  does not pass  th rough  the o r ig in  of coo rd in a t e s .  

S t ra igh t  l ines  of this type w e r e  obtained in [5]. (The au thors  of [5] c o n s i d e r e d  that  the m a s s  ve loc i ty  
in the r e a c t i o n  zone of a detonat ing expols ive  was  constant ,  d i s a g r e e i n g  with the r e s u l t s  of  [6], and 
expla ined  the " t h r e s h o l d  vol tage"  U(O) as  being due to e f fec ts  c lose  to the e l e c t r o d e  in the p r e s e n c e  of a 
m a g n e t i c  field.) It fol lows f r o m  the f o r e g o i n g  that  the s lope  of  the s t r a igh t  L ines  U(I) obtained in [5] does 
in fac t  r e p r e s e n t  the r e s i s t a n c e  between the e l e c t r o d e s ,  while  the t h r e sho ld  vol tage  U(0) = H l v 0 e - l ~ R ~ ,  i .e . ,  
the devia t ion  of these  s t r a i g h t  l ines  f r o m  the v o l t -  a m p e r e  c h a r a c t e r i s t i c  U = RcrI , is due to the changes  
in ve loc i ty  v(x) a long the  r e a c t i o n  zone.  We note that ,  a l though the g e o m e t r y  of the e p x e r i m e n t s  d e s c r i b e d  
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in [5] d i f fers  f rom that indicated in Fig. 1, all the discussions of section 2, and in pa r t i cu la r  Eqo (2.7), r e -  
main valid; the es t imate  of U(o) ag rees  with the data of [5]. 

Hence, a measu remen t  of the res i s t ance  of a conducting medium between two electrodes  is perfec t ly  
possible for  a var iable  flow veloci ty v; it is determined f rom the slope of the exper imental  U(I) curves ,  
and a knowledge of the v(x) prof i le  is not needed. Using the known t ime dependence of the res i s t ance  
RG during the motion of the medium past the e lec t rodes ,  we may find the e lec t r ica l -conduct iv i ty  prof i le .  
This par t  of the problem will not be cons idered  he re .  One vers ion  of the solution appears  in [7]. 

We note that the MHD method of measur ing  e lec t r ica l  conductivity has no advantages over  the e lec -  
t r i ca l - con tac t  method [8], and is fa r  more  complicated owing to the necess i ty  of creat ing a magnetic 
field; its use is thus only justified in r a r e  cases ,  for  example,  when verifying the resul ts  of o ther  methods.  
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